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Abstract. The data in PET emission and transmission tomography and in low dose
X-ray tomography, consists of counts of photons originating from random events. The
need to model the data as a Poisson process poses a challenge for traditional integral
geometry-based reconstruction algorithms. Although qualitative a priori information
of the target may be available, it may be difficult to encode it as a regularization
functional in a minimization algorithm. This is the case, for example, when the target
is known to consist of well defined structures, but how many, and their location, form
and size are not specified. Following the Bayesian paradigm, we model the data and
the target as random variables, and we account for the qualitative nature of the a
priori information by introducing a hierarchical model in which the a priori variance
is unknown and therefore part of the estimation problem. We present a numerically
effective algorithm for estimating both the target and its prior variance. Computed
examples with simulated and real data demonstrate that the algorithm gives good
quality reconstructions for both emission and transmission PET problems in an efficient
manner.

1. Introduction

Positron Emission Tomography (PET) is a functional imaging modality that has helped

improve our understanding of the metabolism of various organs in a living body. In

contrast to in vitro experiments with cell cultures, PET gives valuable information

about the uptake of metabolites by cells in vivo and in situ, i.e., in their natural

competitive environment. For example, PET imaging provided new, significant insight

into the complex interplay between neurons and glial cells [22, 34] in the context of

brain energetics. Moreover, it is used routinely to test if metastases have developed in

cancer patients.

PET imaging is based on the detection of photon pairs emitted due to positron-

electron annihilations resulting from the decay of the radioactive species used as a
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marker. Since the PET signal is generated by spontaneous radioactive decay, the

data is best modeled as a counting (Poisson) process [41]. Two observations are in

order: the first is that the signal is, by its very nature, random; and the second is that

for the inverse problem of estimating the emission density distribution complementary

information about the source is needed in order to produce a reasonable and useful

solution. The Bayesian statistical framework will allow us to conveniently address these

two points ([11, 26, 29, 32]).

While the modeling of the observation noise as a random variable is generally

accepted even in non-statistical frameworks, the peculiar feature of the Bayesian

approach is the modeling of the primary unknown as a random variable. Ideally, the

corresponding probability density, known as the prior, encodes the observer’s prior

knowledge about the unknown. In this context, randomness can be viewed – in the

spirit of de Finetti [16] – as an expression of the observer’s lack of certainty about the

unknown. Since there is no unique way to interpret prior knowledge and assign prior

probabilities, the question of whether a prior distribution is correct cannot be answered.

Since the classical works on Bayesian imaging ([6, 7, 24]), Bayesian methods

have been employed extensively in imaging applications. In PET in particular,

the Bayesian approach to image reconstruction has been extensively studied. The

classical PET iterative method, known as expectation-maximization (EM) [31, 39], is

an instance of the more general EM method of [17], which has a Bayesian flavor.

Bayesian maximum a posteriori (MAP) estimation – in which a specific prior probability

distribution is assumed on the unknown image – has received much attention in the PET

literature, where it is also referred to as penalized maximum likelihood (PML). Work

in this direction in the context of PET has focused primarily on modifications and

improvements of EM with different penalty functionals (see the by-no-means exhaustive

list [1, 20, 21, 25, 28, 26, 32, 35, 47] and the references therein).

Alternatively, an optimization method can be applied directly to the MAP problem.

This is a challenging task due not only to the presence of a nonnegativity constraint on

the image, but also because the negative-log Poisson likelihood is non-quadratic. The

latter challenge is overcome in [19] by replacing the Poisson fit-to-data by a weighted

least squares approximation, which makes the resulting approximate MAP problem

quadratic. An efficient optimization algorithm for use on the penalized negative-log

Poisson likelihood minimization problem implemented in the context of astronomical

imaging in [5] has been shown to be effective for a number of different regularization

functions [2, 3, 5]. We will make use of this algorithm here.

The question of the definition of the penalty (or regularization) function remains

to be addressed. We want our regularization function to be edge-preserving. The

standard approach for edge-preserving regularization based on total variation (TV)

[2, 43] often leads to very challenging computational problems. A more computationally

efficient method is obtained when a quadratic regularization functional is used within a

hierarchical Bayesian framework, as proposed in [12]. The approach in [12] is similar to

the one proposed in [14], but while in the latter an improper prior is used, in the former
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the scaling of the prior is properly implemented. Here we extend this approach to the

case in which the fit-to-data function is the negative-log Poisson likelihood.

Hierarchical approaches have been shown to be effective on a number of different

applications, e.g., in recovering discontinuities in biological signals [15], particle size

distributions in aerosol physics [42], temperature distributions in inverse heat conduction

[45], blocky images in image deblurring [12, 14], missing information in image inpainting

[13], as well as focal source identification in EEG/MEG [38, 8].

The paper is organized as follows. In the next section, we present the mathematical

and statistical models for the PET problem. Our hierarchical regularization method is

the topic of Section 3. The computational method used for the MAP estimation problem

is outlined in Section 4. To conclude, computed results are presented in Section 5.

2. Model of PET signal

The PET modality is utilized to track the transport and uptake of certain metabolites

which can be marked with radioactive isotopes in living organism. When the isotope

decays, it emits a positron, which in turn annihilates with an electron, causing a pair

of photons to propagate in opposite directions. If these two photons reach two different

detectors within a sufficiently short time window they are counted as an event along the

corresponding connecting line L, referred to as the Line Of Response (LOR).

2.1. Deterministic Model

In [31, 39], a mathematical/statistical model for this process is presented. It can be

written in the discrete setting as a systems of M (# of LORs) linear equations with N

(# of elements in the uniform
√

N ×√N computational grid) unknowns:

Iemiss = Aemissλ + β, (1)

where Iemiss ∈ RM is the vector containing the expected number of events along each

of the M LORs; Aemiss is the M × N forward model matrix; λ ∈ RN is the discrete

representation of the (unknown) photon emission density function; and β is the vector

containing expected erroneous counts due to accidental coincidences and scattered events

[37], which we assume known.

The coefficient matrix in (1) is of the form

Aemiss = GARadon, (2)

where ARadon is the discrete M × N Radon transform matrix. Signal attenuation–due

primarily to Compton scattering, but also to photoelectric absorption–is modeled by

taking

G = diag(g1, g2, . . . , gM), gj = exp

(
−

∫

Lj

µ(s) ds

)
, (3)

with Lj is the jth LOR (see [37]). Note that gj can be viewed as the probability that

an emission event anywhere along line Lj is recorded by the detector, and that the ijth
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element of ARadon is the intersection length of the ith LOR with the jth computational

grid element [29], and so is sparse.

Model (1) does not take into account detector efficiency or detector deadtime [37],

however this will not effect our algorithm. For a complete model of PET data, see [37].

In order to use model (1), µ must be estimated. This motivates transmission PET,

where the model is given, instead, by (see [31])

Itrans = I0 exp
(−ARadonµ

)
+ β. (4)

Here Itrans ∈ RM is the vector containing the measured intensities at each of the M

sensors, I0 ∈ RM is the vector of source intensities (determined by a scan without the

object and known as the blank scan); µ ∈ RN is the discrete representation of the

attenuation function; and β is as in (1).

2.2. Statistical model

These deterministic models for the transmission and emission data are inadequate

because the measured signal is noisy: the measurements are inaccurate, and the signal

is itself the result of random scattering and emission of the photons. In the discussion

to ensue, random variables are denoted by uppercase letters while their realizations are

denoted by lowercase letters. For the sake of uniformity, we denote by b ∈ RM the

observed intensities Iemiss in the emission model and Itrans in the transmission model.

Similarly, x ∈ RN stands for the unknown density λ in the emission tomography problem

and µ in the transmission problem. The matrices Aemiss and Atrans are denoted simply

by A.

The data is typically modeled by a Poisson process in both the transmission and

the emission PET problem. In the emission case [37], the standard statistical model

corresponding to the discretized deterministic model (1) is given by

Bj ∼ Poisson([Ax]j + βj), j = 1, . . . ,M, (5)

where “∼” means “is distributed as”, and Poisson(λ) denotes a Poisson random vector

with Poisson parameter vector λ.

In the remainder of the document, we will use π (with various subscripts) to denote

probability density/mass functions.

Given (5), the probability mass function of the observable B conditioned on x is

given by

πemiss(b | x) =
M∏

j=1

([Ax]j + βj)
bj e−([Ax]j+βj)

bj!
. (6)

We note that since Poisson random variables take on only discrete values, πemiss(b | x)

should, in theory, be positive only for b ∈ ZN
+ . However for the ease of both analysis

and computation, we will treat it as a probability density defined on RN
+ ∪ {0}.

In the transmission PET case [46], the data-noise model has the form

Bj ∼ Poisson(b0,j e−[Ax]j + βj), j = 1, . . . , M, (7)



Hierarchical regularization for edge-preserving PET 5

where b0,j is the measured blank scan (I0 in (4)). In this case, the probability mass

function of B conditioned on x is of the form

πtrans(b | x) =
m∏

j=1

(b0,j e−[Ax]j + βj)
bj e−(b0,je−[Ax]j +βj)

bj!
, (8)

3. Hierarchical regularization

The Bayesian approach that we take in this paper is motivated from Bayes’ Law, which

provides an expression for the posterior probability of the random variable X conditioned

on the observation b:

π(x | b) ∝ πprior(x)π∗(b | x), (9)

where “∝” means “is proportional up to an unimportant multiplicative factor”. Here

π∗ is given either by (6) or (8).

In our approach, which follows [12], we add another level, assuming that πprior, and

hence π(x | b), depends upon a hyperparameter θ modeled as a random variable Θ with

probability density πhyper(θ). When this is the case, (9) becomes of the form

π(x, θ | b) ∝ πhyper(θ)πprior(x | θ)π∗(b | x). (10)

Our goal is then to maximize the posterior density π(x, θ | b) with respect to x and

θ subject to the constraint that x ≥ 0. To do this, however, we must first define the

probability densities πhyper and πprior.

3.1. The definition of the prior

It is realistic to assume that the emission activity vector and the attenuation vector (x

in (5) and (7), respectively) will vary smoothly, except at edges between regions with

different metabolic properties. Thus in regions of an image x not near an edge, we seek

to penalize roughness, whereas at or near an edge such penalty is relaxed. Using the

first derivative as a measure of roughness, we translate our assumptions mathematically

as follows. Let X denote a multivariate random variable and assume that

L1X, L2X ∼ N (0, Dθ), Dθ
def
= diag(θ1, . . . , θN), (11)

where N (0, Dθ) denotes a Gaussian random vector with mean 0 and covariance Dθ; L1

and L2 are discretized horizontal and vertical first order partial derivatives with zero

boundary conditions, respectively; and the θj’s are positive for j = 1, . . . , N . Thus, a

decrease (increase) in the value of θj should correspond to an increase (decrease) in the

roughness penalty.

In our definition of L1 and L2, we intersperse first order forward and backward

difference approximations of the x and y first partial derivatives, respectively, with zero

boundary conditions. The backward difference approximation for L1 is defined by the 2D

array operation u(i, j) ← u(i, j)−u(i−1, j) with a zero boundary condition on the left,

and the forward difference approximation is defined by u(i, j) ← u(i+1, j)−u(i, j) with
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a zero boundary condition on the right. These two approximations are interspersed in

the iterative algorithm to ensue so that no boundary artifacts result in the reconstruction

of x. The matrix L2 is defined analogously.

Assuming that L1X and L2X are independent random vectors we have that

πprior(x | θ) = π(L1x, L2x|θ) (12)

= π(L1x|θ)π(L2x|θ)
=

|L1| |L2|
(2π)N |Dθ|e

− 1
2
xT(LT

1D−1
θ L1+LT

2D−1
θ L2)x

∝
(

N∏
j=1

θ−1
j

)
e−

1
2
xT(LT

1D−1
θ L1+LT

2D−1
θ L2)x. (13)

Note that the invertibility of the matrices L1 and L2 , which greatly simplifies the design

of the algorithm, is not strictly necessary, as was shown in [12].

If Dθ is a constant multiple of the identity matrix, we obtain a rather standard

regularization functional, which is very similar to that used in [19]. When Dθ is different

from the identity, a direct correspondence with the regularization functionals used in

[3, 12, 14, 47] can be established in a straightforward manner. In the application to

astronomical imaging in [3], where no hyper-model is used for the θj’s, the posterior

distribution has the form of (9), rather than (10), as is also the case in [47]. The

main difference between these two approaches concerns the interpretation of the θj’s.

In [12, 14], where a hierarchical model is used and the θj’s are assumed to be random

variables, it is necessary to use (10).

We finally remark that nothing in the methodology precludes the use of non multi-

variate Gaussian in (11) – for example, the more general Gibbs distribution [24, 28] –

although the design of the corresponding algorithm may present new challenges.

3.2. Hyperprior definition

To complete the construction of the prior, we need to choose a hyperprior πhyper(θ)

conveying our belief about the θj’s, that is:

• The jumps in the true image should be sudden, hence the θj’s should be mutually

independent.

• There is no obvious preference for the location of the jumps, therefore the θj’s

should be identically distributed.

• Relatively few θj’s will be significantly large—indeed, most should be small—

suggesting a hyperprior that allows rare outliers.

Under these conditions, a natural candidate for the hyperprior is the gamma

distribution, defined as follows: if θj ∼ Gamma(α, θ0),

πhyper(θ) ∝
N∏

j=1

θα−1
j exp

(
−θj

θ0

)
. (14)
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The mean and variance of the gamma distribution are αθ0 and αθ2
0, respectively. We

note that this hyper-prior is used in both [12, 14]. In [12], the use of the inverse Gamma

hyper-prior is also explored.

4. Iterative MAP computation

Taking all of the above into account, the MAP estimator is the minimizer, with respect

to (x, θ), of the negative-log of the posterior density (10) which, for the gamma hyper

prior, is of the form

− ln (π(x, θ | b)) ' − ln(π∗(b | x)) +
1

2

N∑
j=1

[L1x]2j + [L2x]2j
θj

+
N∑

j=1

θj

θ0

− (α− 2)
N∑

j=1

ln θj (15)

= − ln(π∗(b | x)) +
1

2
xTCkx

+
N∑

j=1

θj

θ0

− (α− 2)
N∑

j=1

ln θj,

where ' means “is equal up to an additive unimportant constant”, and Ck = LT
1 D−1

θ L1 +

LT
2 D−1

θ L2.

Although gradient-based algorithms could be used to minimize (15) directly, we

propose a simple cyclic iterative algorithm that has been shown to be quite effective [12]

for some classes of problems. The outline of the algorithm is as follows:

Iterative MAP Algorithm:

Step 0. Initialize θ = θ0, k = 1.

Step 1. Update the estimate of the x vector by computing:

xk = arg min
x≥0

{
T (x)

def
= − ln(π∗(b | x)) +

1

2
xT Ckx

}
, (16)

Step 2. Update the estimate of the θ vector by solving:

θk = arg min
θ

{
− ln(π(xk, θ | b))

}
. (17)

Step 3. Increase k by one and return to Step 1. Repeat until convergence.

In our implementation, we took θ0 in Step 0 to be a constant vector with values θ0.

The updated θk in Step 2 can be computed analytically. In particular, for the gamma

hyper-prior,

θk
j = θ0


α− 2

2
+

√
[L1xk]2j + [L2xk]2j

2θ0

+
(α− 2)2

4


 . (18)

This equation provides a natural interpretation of the parameters θ0 and α. If α = 2,

(18) becomes θk
j = β−1

√
[L1xk]2j + [L2xk]2j , where β =

√
2/θ0. Substitution into (15)
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then yields total variation regularized solution. For 0 < α − 2 << 1, the quadratic

regularization function in (16) resembles total variation with regularization parameter

approximately equal to β =
√

2/θ0. In our experiments, we chose α = 2.01. The

choice of the value of θ0 is then analogous to choosing the value of the regularization

parameter in standard inverse problems. This is an important problem because the

performance of the algorithm is quite sensitive to the value of θ0. Methods for the

selection of the regularization parameter for PML problems in the Poisson case has

recently been explored in [4], however we save the extension of these methods to the

current hierarchical setting for a later work due to the subtlety of the the issues involved.

If distributions other than multi-variate Gaussian are used in (11), a closed form

expression for the θ update may not be available, in which case an iterative method

would have to be used to obtain a numerical approximation of (17).

In general, no closed form expression for xk in (16) exists, and even in the event that

it did, the dimensions of the problems of interest require the use of iterative solution

methods (see e.g., [19]). The solution of PML problems of the type (16) has received a lot

of attention in the PET literature, with the majority of approaches seeking to extend

the EM methodology (see e.g., [1, 21, 20, 25, 28, 35, 47]). Here we take a different

approach and apply the nonnegatively constrained iterative method of [3, 5] to (16).

4.1. The iterative method for solving (16)

The algorithm that we will use was first proposed in [5] in the context of standard

Tikhonov regularization for negative-log Poisson likelihood estimation. More recently,

in [3], the method was shown to be convergent for problems of the form (16) with T

strictly convex. In the appendix, we show that in both the emission and transmission

PET problems the functional T is strictly convex.

For sake of completeness, we now provide a brief description of the PML iterative

method of [3, 5], which we refer to as gradient projection–reduced Newton (GPRN). The

reader interested in the details of this algorithm should see [3, 5].

GPRN Algorithm:

Step 0. Set k = 0 and choose initial guess x0 such that x0
j = 1 for j = 1, . . . , N .

Step 1. Apply gradient projection iterations (see below for more detail) to (16)

with initial guess xk until certain stopping criteria are satisfied. Output the updated

xk ≥ 0.

Step 2. Compute a quadratic Taylor series approximation qk of T centered at

xk, restricted to components with indices r such that xk
r > 0 (see below for more

detail). Use the conjugate gradient (CG) iteration to minimize qk until the stopping

criteria are met. Use the most recent CG iterate as a search direction in a projected

backtracking line search. Output xk+1.

Step 3. If the outer iteration stopping criteria have been met, end the GPRN

iterations. Otherwise, set k = k + 1 and return to Step 1.
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Step 1: gradient projection iteration

The gradient projection iteration [30] used in Step 1 of GPRN is defined as follows:

given xi ≥ 0 compute xi+1 via

pi = −∇T (xi),

λi = arg min
λ>0

T (P(xi + λpi)), (19)

xi+1 = P(xi + λipi).

Here P(x) = max{x, 0}, where the maximum is computed component-wise. In practice,

the subproblem (19) is solved inexactly using a projected backtracking line search

algorithm; see [3] for details. The gradient projection iterations are well-defined and

convergent for problems of the form (16) [30, Section 5.4]. The stopping rules for the

gradient projection iterations in our computed examples within Step 1 of GPRN are

as in [3, 5, 33]. In the implementation in this paper, at most 5 gradient projection

iterations were allowed per GPRN iteration. The form of the gradient of T for both the

emission and transmission cases can be found in the appendix.

Step 2: reduced conjugate gradient iterations

The quadratic Taylor series approximation of T used in Step 2 of iteration k of the

GPRN algorithm is of the form

qk(p) = T (xk) + 〈∇redT (xk), p〉+
1

2
〈∇2

redT (xk) p, p〉, (20)

where

[∇redT (x)]i =

{
[∇T (x)]i, xi > 0

0, xi = 0,

and

[∇2
redT (x)]ij =

{
[∇2T (x)]ij, if xi > 0 and xj > 0

δij, otherwise.

After an approximate minimizer pk of qk has been computed by the CG iterative method

equipped with the stopping rule of [3, 5, 33], a backtracking line search is performed

to guarantee that T (xk+1) < T (xk). In our present implementation, at most 30 CG

iterations were allowed per outer GPRN iteration. Expressions for both gradient and

Hessian of T for both the emission and transmission cases can be found in the Appendix.

Discussion

When applied to nonnegatively constrained quadratic minimization problems, the

GPRN algorithm is very similar to the method proposed in [33]. Step 2 is needed because

gradient projection – being the nonnegatively constrained analogue of the steepest

descent method [30] – has a possibly excruciatingly slow convergence rate. On the

other hand, unlike the nonnegative analogues of conjugate gradient (CG) proposed in

[36, 40], the gradient projection method is extremely efficient at identifying the active
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set at the solution, i.e. at finding indices i for which x∗i = 0, where x∗ is the nonnegative

minimizer of T . The separation of the active set identification problem (Step 1) from

the implementation of the CG method (Step 2) for nonnegatively constrained quadratic

problems, yields an algorithm with active set identification properties at least as good as

gradient projection and convergence properties similar to that of CG for unconstrained

quadratic minimization. This algorithm seems to be equally efficient when applied to the

non-quadratic problem (16). We conclude with the remark that while preconditioning

of the CG iterations in Step 2 is possible [5], it is significantly more challenging than in

the unconstrained case.

The main computational bottleneck of the GPRN algorithm (and, for that matter,

the EM-based methods) is the number of matrix-vector products needed to reach

convergence. In fact, while for the EM method, two matrix-vector products were needed

per iteration, within the GPRN method, the gradient projection iterations in Step 1

require four matrix-vector products per iteration and an additional product for each

line search step and each iteration of the CG method in Step 2 requires two matrix-

vector products per iteration. In view of the how computationally expensive each GPRN

iteration is, stopping rules play an important role. In our computed examples we follow

[33]. It has been shown in [5] that in general the GPRN method requires fewer matrix

vector products than the EM algorithm to converge. A comparison between GPRN and

the current state of the art PET statistical imaging methods (see, e.g. [1]) is in order

and will be the topic of future work.

It was shown in [3] that the GPRN algorithm is convergent provided T in (16)

is strictly convex, which we prove to be the case for the applications of interest in

the Appendix. As long as the convexity of T is respected, the GPRN algorithm is

convergent for non-quadratic, convex regularization functions, such as obtained from the

more general Gibbs distributions [24, 28] as well as when total-variation regularization

is used with the negative-log Poisson likelihood [2].

5. Computed examples

In this section, we test our methodology on both emission and transmission PET

examples. First we consider an emission PET example similar the canonical one of [39].

In particular, we suppose that the emission density λ is given by the object on the upper-

left in Figure 1, while the attenuation vector µ is assumed to be zero. Data generated

using (5) with βi = 1 for all i and Poisson noise generated using MATLAB’s poissrnd

function is plotted on the upper-right in Figure 1. We have assumed a 128 × 128

computational grid and a sensor geometry defined by 128 angles and 128 sensor pairs

per angle. Thus M = N = 1282 in (2), (3).

To reconstruct the phantoms, we applied fifteen iterations of the iterative MAP

algorithm with initial guesses x0
j = 1 and θ0

j = θ0 for j = 1, . . . , N . The GPRN

algorithm was stopped as soon as the norm of the projected gradient was reduced by six

orders of magnitude – a standard measure of convergence for constrained optimization
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Figure 1. On the upper-left is the emission density phantom, and on the upper-right
is the corresponding emission sinogram data. On the lower-left is the reconstructed
emission density vector x, and on the lower-right is the reconstructed log-variance
vector ln(θ).

algorithms [30]. In the gamma hyperprior, we set α = 2.01 and θ0 = 1000, which

corresponds to a approximate regularization parameter value of
√

2/θ0 = 0.0447. The

selection of the values of the parameters of the hyperprior was rather heuristic, but since

the algorithm is sensitive to to the value of θ0, it is necessary to design solid selection

criteria. The MAP estimation of the emission density vector x and of its variance vector

θ are displayed in the bottom row of Figure 1.

In our second example, we generate synthetic transmission data using model (7)

with βi = 1 for all i and the phantom from our first example. The blankscan (b0 in (7))

is defined b0(x, y) = 90(1 + x2) on −1 ≤ x, y ≤ 1, which is the assumed domain of the

computational grid. The phantom and transmission sinogram are displayed in the top

row of Figure 2. To compute the MAP estimate of the attenuation vector x we apply

the iterative MAP algorithm as in the previous example, except that we set θ0 = 1 and

the GPRN algorithm was stopped as soon as a decrease of 5 orders of magnitude in the

projected gradient was attained. The computed results are shown in the bottom row of
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Figure 2. On the upper-left is the transmission density phantom, and on the
upper-right is the corresponding transmission sinogram data. On the lower-left is the
reconstructed emission density vector x, and on the lower-right is the reconstructed
log-variance vector ln(θ).

Figure 2.

To illustrate the performance and convergence rate of the algorithm, the plot in

Figure 3 shows the relative error,

ek = ‖xtrue − xk‖/‖xtrue‖,
at each iterative MAP outer iteration of the emission PET (left) and transmission PET

(right).

In our last computed example we used real transmission PET data from [18], which

we assume follows the statistical model (7) with A = Atrans. We performed our estimation

on a 128 × 128 uniform computational grid, and are given the sensor geometry, which

consisted of 160 sensors pairs per 192 angles. Since we had no information about the

βi’s, we assumed that they were zero. The blank scan b0 downloaded from [18] is shown

in Figure 4 along with the corresponding blurred, noisy sinogram. We reconstruct the

image using the same implementation of the iterative MAP algorithm as in the previous

example. The reconstructed image and corresponding variance array θ are plotted in
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Figure 3. A plot of the relative error per iterative MAP algorithm iteration for the
synthetic emission PET example (left) and the synthetic transmission PET example
(right).

the bottom row of Figure 4.

The computing time required per outer iteration, in our examples and using our

MATLAB implementation, varied between 9 and 30 seconds.

6. Discussion and conclusions

The article proposes a computational method for estimating absorption and emission

densities of an unknown body from weak transmission signals consisting of random

photon counts. The prior information that the object consists of blocky structures

is implemented as a hierarchical conditionally Gaussian prior model. The conditional

normality of the prior is an attractive way of including available information as it makes

it possible to design computationally efficient algorithms.

In the present work, the Bayesian framework is used to design an iterative algorithm

for computing an approximation of the maximum a posteriori estimate. As the solution

of the inverse problem in the Bayesian framework is not a single estimate but in fact the

posterior probability distribution, the present work does not exploit the full potential

of the approach. Important additional information, such as credibility bounds for the

object boundaries could also be addressed in this context, using Markov Chain Monte

Carlo (MCMC) methods [12]. The design of an efficient variant of MCMC sampling

methods for PET problems and of visually suggestive ways to display the results will

be the topic of future research.
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Figure 4. In the upper-left is the blank scan (b0 in (7)). In the upper-right is the
transmission sinogram. In the lower-left is the iterative MAP reconstruction of x. In
the lower-right is the reconstructed value of θ.

7. Appendix

In the emission PET case (π∗ = πemiss), we have

− ln πemiss(b | x) '
M∑

j=1

{[Ax]j + βj − bj ln([Ax]j + βj)} (21)

def
= `emiss(b | x); (22)

whereas in the transmission PET case (π∗ = πtrans), we have

− ln πtrans(b | x) '
M∑

j=1

{
b0,je

−[Ax]j + βj − bj ln(b0,je
−[Ax]j + βj)

}
(23)

def
= `trans(b | x). (24)

The gradient and Hessian of the regularization function defining T in (16) are given

by Ckx and Ck, respectively. The gradient and Hessian of the negative-log likelihood
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functions are more involved. In particular, in the emission PET case we have

∇`emiss(b | x) = AT

(
Ax− (b− β)

Ax + β

)
, (25)

∇2`emiss(b | x) = ATdiag

(
b

(Ax + β)2

)
A, (26)

where all vector multiplication and division are intended component-wise, while in the

transmission PET case,

∇`trans(b | x) = AT

(
b0 e−Ax − bb0 e−Ax

b0e−Ax + β

)
, (27)

∇2`trans(b | x) = ATdiag

(
b0e

−Ax − βbb0 ¯ e−Ax

(e−Ax + β)2

)
A, (28)

where “¯” denotes component-wise product of vectors.

Note that (26) is positive semi-definite for all x ≥ 0. Hence `emiss(b | x) is convex

on the set x ≥ 0. Since `trans(b | x) is a convex transformation of `emiss(b | x), it is also

convex on the set x ≥ 0. Moreover, since L1 and L2 are invertible and Dθk is positive

definite for all k, the regularization matrix Ck is positive definite for all k. This implies

that ∇2T (x), where T is defined in (16), is positive definite for all x ≥ 0, hence T is

strictly convex. Moreover, it can be shown that `emis(b | x) and `trans(b | x) are bounded

below. Therefore, since Cθk is positive definite, T is a coercive function (c.f. [3]) and

hence has a unique minimizer.
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