
Numerical Algorithms manuscript No.
(will be inserted by the editor)

A Computational Framework for Total Variation-Regularized
Positron Emission Tomography

Johnathan M. Bardsley · John Goldes

Received: date / Accepted: date

Abstract In positron emission tomography, image data corresponds to measurements of
emitted photons from a radioactive tracer in the subject. Such count data is typically modeled
using a Poisson random variable, leading to the use of the negative-log Poisson likelihood
fit-to-data function. Regularization is needed, however, in order to guarantee reconstruc-
tions with minimal artifacts. Given that tracer densities are primarily smoothly varying, but
also contain sharp jumps (or edges), total variation regularization is a natural choice. How-
ever, the resulting computational problem is quite challenging. In this paper, we present
a efficient computational method for this problem. We also introduce three regularization
parameter choice methods for use on total variation-regularized negative-log Poisson like-
lihood problems, which to our knowledge, have not been presented elsewhere. We test the
computational and regularization parameter selection methods on synthetic data.

Keywords total variation · positron emission tomography · inverse problems · statistical
imaging

Mathematics Subject Classification (2000) 65J22 · 65K10 · 65F22.

1 Introduction

In the medical imaging modality known as positron emission tomography (PET), a radioac-
tive tracer element is injected into a subject. The tracer then exhibits radioactive decay,
emitting positrons, which annihilate with electrons, producing a pair of annihilation pho-
tons moving in diametrically opposite directions. If both photons reach the detector ring
surrounding the subject an event is registered along the line connecting the corresponding
detector pair. This line is known as the line of response (LOR). The collection of all such
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events from a particular experiment corresponds to a PET data set. From such data, the task
is to reconstruct the tracer density distribution within the subject.

In [18,23], a mathematical model for PET image formation is presented. If there are M
LORs and N elements in the uniform

√
N×√N computational grid, we can write the model

in matrix-vector notation:
b = Poisson(Ax+ γ), (1)

where b ∈ RM is the vector containing the recorded number of events along each of the M
LORs; Poisson(λ ) denotes a Poisson random vector with mean vector λ ∈ RM; A is the
M×N forward model matrix; x∈RN is the discrete representation of the (unknown) photon
emission density function; and γ is the vector containing expected erroneous counts due to
accidental coincidences and scattered events [21], which we assume is known.

The attenuation matrix A in (1) is of the form

A = GARadon, (2)

where

G = diag(g1,g2, . . . ,gM), g j = exp
(
−

∫

L j

µ(s)ds
)

. (3)

Here, L j is the jth LOR; µ is the absorption density function of the subject; and ARadon is
the discrete M×N Radon transform matrix. Note that g j can be viewed as the probability
that an emission event anywhere along line L j is recorded by the detector, and that the i jth
element of ARadon is the intersection length of the ith LOR with the jth computational grid
element [16], and so is sparse.

The matrix A accounts for attenuation due both to Compton scattering and photo-electric
absorption. Our mathematical/statistical model does not take into account detector efficiency
or detector deadtime [21], however this has no bearing on our discussion. For a complete
model of PET data, see [21].

Assuming (1), the probability mass function of the observable b conditioned on x is
given by

p(b | x) =
M

∏
j=1

([Ax] j + γ j)b j e−([Ax] j+γ j)

b j!
. (4)

Thus, given data b arising from model (1), the maximum likelihood estimate of the true
image xe is obtained by maximizing p(b | x) with respect to x, subject to the constraint
x≥ 0. Equivalently, we can solve

xML = argmin
x≥0

T0(x ;b), (5)

where

T0(x ;b) =
n

∑
i=1
{([Ax]i + γi)−bi ln([Ax]i + γi)} . (6)

Note that T0(x ;b) is equal, up to an additive constant, to − ln p(b | x).
Solving (5) directly yields tracer densities with unrealistic artifacts. Because of this,

a regularization term is often added (see, e.g., [1,8,9,10,11,13,12,14,15,19,20,22,26]),
resulting in the following modification of (5): compute

xα = argmin
x≥0

{
Tα(x) def= T0(x;b)+αJ(x)

}
, (7)

where α is known as the regularization parameter and J the regularization function.
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In the PET literature, (7) is known as a penalized maximum likelihood (PML) problem,
and such problems have been studied extensively; see, e.g., [1,8,9,10,11,13,14,19,20,26].
Our focus in this paper is on the use of the total variation (TV) regularization function for J.
In the context of PET, this problem has been studied less extensively; see e.g., [12,15,22].
For us the TV regularization function that we will use in our computations has the form

J(x) =
N

∑
i=1

√
[D1x]2i +[D2x]2i +β , (8)

where D1 and D2 are discretizations of the vertical and horizontal directional derivatives,
respectively, with boundary conditions chosen to guarantee their invertibility. The positive
parameter β is included in order to guarantee that J is differentiable.

For the application of image deconvolution (or deblurring) in the presence of Poisson
noise, problem (6), (7) is often solved. If total variation regularization is used in this setting,
the resulting computational and theoretical problem is challenging and has been studied by
the authors [2,6]. In this paper, we apply the computational method of [2] to the PET image
reconstruction problem. In [2,7] this method was shown to be more efficient than several
other state-of-the-art minimization methods.

Additionally, we introduce a means of estimating the regularization parameter in (7).
In [2], no such method was discussed, while in [5], only quadratic regularization functions
were considered. Here, we extend the ideas of [5] to the total variation case.

The paper is organized as follows. First, we present our computational method in Section
2, then move on to regularization parameter choice methods in Section 3. Finally, in Section
4, we test the algorithms on some synthetically generated examples.

2 The Computational Method

In this section, we outline a computationally efficient method for solving

min
x≥0

Tα(x), (9)

where Tα is defined by (7), (8). Before presenting the method, we must set notation, perform
preliminary calculations, and introduce some basic techniques.

2.1 Preliminaries

The projection of a vector x ∈ RN onto the feasible set Ω := {x ∈ RN | x ≥ 0} can be
conveniently expressed as

P(x) := argmin
v∈Ω

||v−x||= max{x,0},

where max{x,0} is the vector whose ith component is zero if xi < 0 and is xi otherwise. The
active set for a vector x≥ 0 is defined

A (x) = {i | xi = 0}, (10)

and the complementary set of indices, I (x), is known as the inactive set.
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The reduced gradient of Tα at x≥ 0 is given by

[∇redTα(x)]i =
{

[∇Tα(x)]i, i ∈I (x)
0, i ∈A (x),

where ∇ denotes the gradient operator; the projected gradient of Tα is given by

[∇projTα(x)]i =

{
[∇Tα(x)]i, i ∈I (x), or i ∈A (x) and ∂Tα (x)

∂xi
< 0,

0, otherwise;

and the reduced Hessian is given by

[∇2
redTα(x)]i j =

{
[∇2Tα(x)]i, j, if i ∈I (x) and j ∈I (x)
δi j, otherwise,

(11)

where ∇2 denotes the Hessian operator.
The gradient and Hessian of T0 defined by (6) have the form

∇T0(x) = AT
(

Ax− (b− γ)
Ax+ γ

)
, (12)

∇2T0(x) = AT diag
(

b
(Ax+ γ)2

)
A, (13)

where all vector multiplication and division are intended component-wise
The gradient and Hessian of the regularization function J have the form

∇J(x) = L1(x)x, (14)

∇2J(x) = L1(x)+2L2(x), (15)

where, if ψ(t) :=
√

t +β , Dx2 := (D1x)2 +(D2x)2, and Dxyx := D1x¯D2x,

L1(x) =
[

D1
D2

]T [
diag(ψ ′(Dx2)) 0

0 diag(ψ ′(Dx2))

][
D1
D2

]
, (16)

L2(x) =
[

D1
D2

]T [
diag((D1x)2¯ψ ′′(Dx2)) diag(Dxyx¯ψ ′′(Dx2))
diag(Dxyx¯ψ ′′(Dx2)) diag((D2x)2¯ψ ′′(Dx2))

][
D1
D2

]
.

For a more detailed treatment of these computations see [24]. We note that ∇2J(x) is positive
semi-definite for all x, and hence, J is a convex function.

Next, we introduce the algorithm, which has two stages; the first involves gradient pro-
jection iterations.
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2.2 Gradient Projection Iteration

A key component of the iterative method introduced in [7] is the gradient projection iteration
[17], which we present now: given xk ≥ 0, we compute xk+1 via

pk =−∇Tα(xk), (17)

λk = argminλ>0 Tα(P(xk +λpk)), (18)

xk+1 = P(xk +λkpk). (19)

In practice, subproblem (18) is solved inexactly using a projected backtracking line
search. In the implementation used here, we take the initial step length parameter to be

λ 0
k =

||pk||2
〈∇2Tα(xk)pk,pk〉

. (20)

The quadratic backtracking line search algorithm described in [4] is then used to create a
sequence of line search parameters {λ j

k }m
j=0, where m is the smallest positive integer such

that the sufficient decrease condition

Tα(xk(λ
j

k ))≤ Tα(xk)− µ
λ j

k

||xk−xk(λ
j

k )||2 (21)

is satisfied, where µ ∈ (0,1) and

xk(λ ) = PΩ (xk +λpk). (22)

Then we take λk := λ m
k in (18).

Since we plan on only taking a few gradient projection iterations per outer iteration of
our algorithm, we need an effective stopping criteria. Following [4], we use

Tα(xk−1)−Tα(xk)≤ γGP max{Tα(xi−1)−Tα(xi) | i = 1, . . . ,k−1}, (23)

where 0 < γGP < 1. We have found the value γGP = 0.1 to be effective.

2.3 The Reduced Lagged-Diffusivity Step

In practice, like its unconstrained counterpart steepest descent, the gradient projection iter-
ation is very slow to converge. A robust method with much better convergence properties
results if gradient projection iterations are interspersed with steps computed from the re-
duced Newton system

∇2
redTα(xk) p =−∇redTα(xk). (24)

This is the approach taken in [7], however when total variation regularization is used, a more
computationally efficient method results if (24) is replaced by the reduced quasi-Newton
system

(∇2
LD)redTα(xk) p =−∇redTα(xk), (25)

where (∇2
LD)redTα(x) is defined as in (11) with

∇2
LDTα(x) = ∇2T0(x)+αL1(x) (26)
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and L1(x) defined in (16). We note that if in (26) T0 is the regular least squares likelihood
function ‖Ax−b‖2, the unreduced linear system

∇2
LDTα(x) p =−∇Tα(xk)

is that which is solved in each iteration of the lagged-diffusivity fixed point iteration of [25,
24]. Thus we call (25), (26) the reduced lagged-diffusivity system.

Approximate solutions of (25), (26) can be efficiently obtained using conjugate gradient
iteration (CG) [17] applied to the problem of minimizing

qk(p) = Tα(xk)+ 〈∇redTα(xk),p〉+ 1
2
〈(∇2

LD)redTα(xk)p,p〉. (27)

The result is a sequence {p j
k} that converges to the minimizer of (27). Even with rapid CG

convergence, for large-scale problems it is important to choose effective stopping criteria to
reduce overall computational cost. We use

qk(p
j−1
k )−qk(p

j
k)≤ γCG max{qk(pi−1

k )−qk(pi
k) | i = 1, . . . , j−1}, (28)

where 0 < γCG < 1. Then the approximate solution of (27) is taken to be the pmCG
k where

mCG is the smallest integer such that (28) is satisfied.
With pk := pmCG

k , we again apply a projected backtracking line search, only this time we
use the much less stringent acceptance criteria

Tα(xk(λ m
k )) < Tα(xk). (29)

2.4 The Numerical Algorithm and its Convergence

Finally, we can present the numerical method

Gradient Projection-Lagged-Diffusivity (GPLD) Iteration

Step 0: Select initial guess x0, and set k = 0.
Step 1: Given xk.

(1) Take gradient projection steps until either (23) is satisfied or
GPmax iterations have been computed. Return updated xk.

Step 2: Given xk.
(1) Do CG iterations to approximately minimize the quadratic (27)

until either (28) is satisfied or CGmax iterations have been
computed. Return pk = pmCG

k .
(2) Find λ m

k that satisfies (29), and return xk+1 = xk(λ m
k ).

(3) Update k := k +1 and return to Step 1.

This method was first applied to total variation regularization in [2]. For a general strictly
convex and coercive function T with Lipschitz continuous gradient, the iterative quasi-
Newton scheme above was shown to converge to the unique nonnegative minimizer of T
in [4]. Thus, in order to prove convergence of GPLD applied to (7), we must show that Tα ,
with T0 defined by (6), is strictly convex, and coercive, with Lipschitz continuous gradient.
We do this now.
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For strict convexity, note that for T0 defined by (6), we have

〈∇2Tα(x)x,x〉 =
〈

AT diag
(

b
(Ax+ γ)2

)
Ax,x

〉
+α

〈
(L1(x)+2L2(x)))x,x

〉

≥ ᾱ1(x)‖Ax‖2 +α(‖Λ(x)1/2D1x‖2 +‖Λ(x)1/2D2x‖2), (30)

where Λ(x) = diag(ψ ′(Dx2)) (see (16)) and ᾱ1(x) = mini
{

bi/([Ax]i + γ)2
}

. Then if we
assume that the intersection of the nullspaces of A, D1, and D2 is trivial, and bi > 0 for all
i, since Ax ≥ 0 for all x ≥ 0, the inequality (30) is strict, implying that ∇2Tα is positive
definite for all x≥ 0. Hence Tα is strictly convex on x≥ 0.

The coercivity of Tα is proved using the following application of Jensen’s inequality:
for x≥ 0

Tα(x) ≥ ‖Ax+ γ‖1−‖b‖∞ ln‖Ax+ γ‖1 +α(‖Λ(x)1/2D1x‖2
2 +‖Λ(x)1/2D2x‖2

2)

= ‖Ax+ γ‖1−‖b‖∞ ln‖Ax+ γ‖1 +
α
2
‖Dx2/

√
Dx2 +β‖1, (31)

where recall, Dx2 = D1x2 +D2x2. Now, since A, D1 and D2 have trivially intersecting null
spaces, from (31) we see that ‖x‖1 →+∞ implies Tα(x)→+∞, establishing coercivity.

Our last task is to prove Lipschitz continuity of ∇Tα . In [4], it is proven that for T0
defined by (6), ∇T0 is Lipschitz continuous. Additionally, we have

‖L1(x)−L1(y)‖2 = ‖(DT
1 Λ(x)D1 +DT

2 Λ(x)D2)x− (DT
1 Λ(y)D1−DT

2 Λ(y)D2)y‖2

≤ 1

2
√

β
(‖DT

1 D1(x−y)‖2 +‖DT
2 D2(x−y)‖2

)

≤ ρmax

2
√

β
‖x−y‖2,

where ρmax = max{ρ(DT
1 DT

1 ),ρ(DT
2 D2)}. Thus ∇J is Lipschtiz continuous, implying ∇Tα

is Lipschitz continuous.
Thus we have proved the following theorem.

Theorem 1 Assume b > 0. If T0 is defined by (6), and A, D1, and D2 have trivially inter-
secting nullspaces, GPLD is guaranteed to converge to the unique minimizer of (7).

3 Regularization Parameter Selection Methods

Methods for estimating the regularization parameter when the data noise follows a Pois-
son distribution have been presented in [5]. The implementation of those methods involved
writing a quadratic Taylor series approximation of (6),

T0(x;b) =T0(xe;b)+T wls
0 (x;b)

+O(‖h‖3
2,‖h‖2

2‖k‖2,‖h‖2‖k‖2
2,‖k‖2

2)

+O(‖h‖2
2‖kα‖2,‖h‖2‖k‖2‖kα‖2,‖k‖2

2‖kα‖2), (32)

where h = x−xe, k = b−be, be = Axe + γ , kα = bα −be with bα = Axα + γ , and

T wls
0 (x;b) =

1
2
‖B−1/2

α (Ax− (b− γ))‖2
2 (33)
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with Bα = diag(bα). This approximation enabled the extension of methods for least-squares
estimation to Poisson likelihood estimation.

The techniques detailed in [5] were used to estimate α for problems in which the regu-
larization term was quadratic. Here we apply those techniques to estimating α in the context
of total variation regularization.

Discrepancy Principle. The idea behind the discrepancy principle, as presented in [5], is to
choose α so that xα computed from (7) satisfies

2T wls
0 (xα ;b)≈ E(2T wls

0 (xe;b)), (34)

where E(·) denotes the expected value function. The approximation (32) can be used to ar-
gue that 2T wls

0 (xe;b) is approximately described by a χ2(M) distribution, and so it follows
that E(2T wls

0 (xe;b)) = M. The discrepancy principle (DP) recommendation is therefore de-
fined as

αDP = argminα≥0

(
T wls

0 (xα ;b)−M/2
)2

, (35)

where xα is computed from (7). Note that the presence of the non-quadratic regularization
term did not require a modification of the procedure given in [5]. It only affected the com-
putation of xα .

Generalized Cross Validation. [5] also details how the generalized cross validation method
is adapted using approximation (32) for use in regularized Poisson-likelihood. The objective
is to minimize the function

GCV (α) = MT wls
0 (xα ;b)

/
trace(In−B−1/2

α AAα)2, (36)

subject to the constraint α > 0. xα is computed from (7) and Aα is the matrix which satisfies
xα ≈ Aα B−1/2

α (b− γ). Here the form of Aα is given by

Aα = (Dα(AT B−1
α A+α∇2J(xα))Dα)†Dα AT B−1/2

α , (37)

where † denotes “pseudo-inverse”, and Dα is a diagonal matrix with [Dα ]ii = 1 if [xα ]i > 0
and 0 otherwise. This form differs from that given in [5] in that the regularization term in
(37) is a function of xα .

Because computing the trace can be impractical, randomized trace estimation is used to
approximate the the expression in the denominator in (36) [24]. Letting v be a realization of
a random vector V whose components are independent and take on values of 1 and -1 with
equal probability the trace approximation is given by

trace(In−B−1/2
α AAα)2 ≈ (vT (In−B−1/2

α AAα)v)2. (38)

Note that in practice Aα is not directly computed; Aα v is found by solving a linear system
using truncated conjugate gradient iterations.
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Unbiased Predictive Risk Estimator A third method for selecting a value for α is the un-
biased predictive risk estimate (UPRE). This method aims to select the value of α which
minimizes the predictive risk T0(xα ,be) [24]. Since be is not known, UPRE instead chooses
the value which minimizes an estimate of the expected value of the predictive risk. In [5]
approximation (32) is again used to motivate the form of the UPRE function,

UPRE(α) = T wls
0 (xα ;b)+ trace(B−1/2

α AAα)− M
2

, (39)

where Aα is defined in (37). The trace is estimated using the same method that is employed
in GCV. The UPRE value of α is taken to be that which minimizes (39).

4 Numerical Experiments
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Fig. 1 The true emission density xe is plotted on the left and the data b is plotted on the right. The signal-to-
noise ratio of b is 20.

We test our approach on synthetically generated data. The true emission density xe is
shown in Figure 1. The noisy sinogram data b, generated using statistical model (1) and
MATLAB’s poissrnd function, is shown on the right in Figure 1. We assumed that γ is a
constant vector of 1s at all pixels, and that the density vector µ in (3) is zero. Our computa-
tional grid is defined by 128 detectors and angles, as well as a 128×128 uniform computa-
tional grid for the unknown emission density. Thus M = N = 1282.

In order to test our approach on multiple data sets we vary the signal-to-noise ratio. The
signal-to-noise ratio for data with statistical model (1) is defined as

SNR =

√
‖Axe + γ‖2

E(‖b− (Axe + γ)‖2)
, (40)

with

E(‖b− (Axe + γ)‖2) =
M

∑
i=1

([Axe]i + γi). (41)
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Fig. 2 Plots of α versus relative error are shown. The plot on the left is from data with a SNR of 5 and the
plot on the right is from data with a SNR of 20.

To test the effectiveness of the regularization parameter selection methods, we plot the
relative error

‖xα −xe‖
‖xe‖ (42)

for a range of α values, together with the values of α chosen by the three methods. This can
be seen in Figure 2. The regularized solution is found by solving (7). Note that in both cases
of signal-to-noise ratio the three methods gave good recommendations for the value of α .

Figure 3 contains the reconstructions from the two data sets. Note the quality of the
reconstructions is typical of total variation regularization.

In our implementation of GPLD, we used the parameters GPmax = 5, CGmax = 30, γGP =
0.1, γCG = 0.1, and we stopped iterations once

‖∇projTα(xk)‖2/‖∇projTα(x0)‖2 < 10−5. (43)

In order to implement each of the three regularization parameter selection methods a
minimization problem needs to be solved. DP requires the solution of (35), UPRE requires
the minimizer of (39) to be computed, and GCV requires the minimizer of (36) to be com-
puted. In all three cases the minimization is under the constraint α > 0. To perform this we
used Matlab’s fminbnd function. fminbnd requires inputs for lower and upper bounds for
the minimizer, which we set to 0 and 1.2 respectively. We set the Tolx parameter to 10−8.

5 Conclusion

Given that tracer densities are typically smoothly varying, but contain edges, total variation
(TV) regularization is a natural choice for positron emission tomography (PET) imaging
problems. Nonetheless, due to the computationally challenging nature of the resulting prob-
lem, few researchers have studied this approach.
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Fig. 3 Plots of the reconstructions obtained from the two data sets with the UPRE recommendation for
the regularization parameter with SNR 5 (on the left) and the DP recommendation for the regularization
parameter with SNR 20 (on the right).

In this paper, we have presented an efficient computational method for solving the TV-
PET problem. Additionally, we have presented three methods for choosing the regularization
parameter.

Our numerical experiments indicate that all of the methods work well.
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