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Abstract: We present methodology for obtaining forward solutions
to Maxwell's equations in two dimensions, in the presence oa Debye
medium. Perfectly matched layer (PML) absorbing boundary condi-
tions are used to absorb incoming energy at the nite boundares. A
time-domain, PDE formulation is presented, and a nite di e rence time-
domain (FDTD) algorithm is used to obtain numerical solutio ns. A least
squares formulation of the inverse problem results from a a&ful con-
sideration of the noise model for data generation. The invese problem
is solved with varying levels of noise in the data, and a fregancy do-
main analysis is given that provides an explanation of the reults. The
results and analysis motivate strategies for solving the imerse problem
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that decrease computational cost. Finally, a result from the statistical
theory of large samples is used to obtain estimates of the véability in
parameter estimates that is due to the variability in the noisy data.
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Key Words : inverse problems, parameter identi cation, Debye
medium, nite-di erence time-domain, statistics

1. Introduction

In [3] the authors developed techniques for solving Maxwel equations
in one dimension in a Debye medium, and for solving the assocatied
parameter estimation or inverse problem. The experimentalsetup as-
sumed in the formulation of the one dimensional problem inaldes an
antenna that has in nite extension in both the x andy directions (i.e.,
an in nite sheet). In this paper, we consider instead the cag of an in -
nite strip antenna which is in nite in the y direction, but is nite in the
x direction. This setup is illustrated schematically in Figure 1.

The resulting Maxwell system involves oblique incident waes on the
dielectric slab and hence is two dimensional. The goal of tis paper is
to extend results in [3] to this problem.

Regardless of the experimental setup, in practice absorbim bound-
ary conditions are necessary in order to model the (e ectivéy) in nite
spatial domain by a nite computational domain. In the one di men-
sional case, perfectly absorbing boundary conditions exisand are easily
implemented [3]. Unfortunately, such boundary conditionsdo not exist
in higher dimensions. Though various analytic "absorbing" boundary
conditions are available for use on the two dimensional prolem, a more
e ective technique employs perfectly matched layers (PML9 as a cti-
tious absorbing layer surrounding the region of interest (ge Figure 2).
If the PML is constructed properly, there is no re ection at t he PML
interface and any energy returning to the domain of interestafter trav-
elling through the PML is negligible. In Section 2, we preseha system
of PDEs that models the setup illustrated in Figure 1 with a Debye di-
electric slab and PML absorbing boundaries. This system assnes that
the electric eld generated by the antenna is polarized so that it only
has ay component and is solved using a nite di erence time-domain
(FDTD) algorithm [16]. Numerical results from forward simu lations are
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Figure 1: In nite strip antenna and dielectric slab

presented.

In Section 3 we discuss the solution of the associated parartes iden-
ti cation problem. That is, given data generated from the experimental
setup illustrated in Figure 1 with a Debye dielectric slab, determine the
parameters that characterize the Debye medium. We begin thesection
with the noise model for data generation for such experimerg. Using
this noise model, we are led to the negative log-likelihoodunction, which
takes a least squares form. The inverse problem is then to mimize this
function. We discuss the modi ed Levenburg-Marquardt method that
we used to this end. Several attempts are made at the inverserpblem
with varying levels of noise. The results are explained and ew ap-
proaches are motivated by a frequency domain analysis. Thisnalysis
allows one to obtain a knowledge of which parameters are or ar not
likely to be reconstructed accurately.

Because our data is noisy, it can be viewed as a realization o
random variable and is therefore variable. That is, in the caitext of the
setup of Figure 1, if we perform exactly the same experiment rany times,
we will obtain di erent data sets each time. Consequently, if we solve
the inverse problem with each of these di erent data sets, wewill obtain
di erent values for the reconstructed parameters. Thus the variability
in the data translates into variability in the parameter estimates. In
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Figure 2: Problem geometry

Section 4, we use the statistical theory of large samples [2p obtain
estimates for the variability in our estimates. Conclusions are presented
in Section 5.

2. The Forward Problem

We begin with Maxwell's equations for a region with free chage density
=0, which are given by

r D = 0; 1)
r B = 0; (2
r E = @B; 3

r H = @+J; (4)
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where the vectors in (1)-(4) are functions of positionr = (x;y;z) and
time t, and J = J; + Jg, where J; is the conduction current density
and Js is the source current density. We assume only free space can
have a source current, and thus eitherJ. = 0 or Js = 0, depending on
whether or not the region is free space. For a Debye medium, ngmetic

e ects are neglected, and we assume that Ohm's law governs thelectric
conductivity. Hence, within the dielectric medium

B = oH; %)
Je = E: (6)

The displacement vector D, on the other hand, has a more complex
representation, namely,

D= o1 E+P; (7)

where P is the electric polarization vector that satis es the di er ential
equation
P+P= o(s 1)E (8)

inside of the dielectric and isO outside of the dielectric.

The computational domain for our problem is given in Figure 2
Notice rst that it is contained in the x, z plane. This is facilitated by
the fact that we have assumed uniformity along they-axis. Secondly,
note that the computational domain has nite support. Thisi s desirable
since in order to numerically solve Maxwell's equations, a nite compu-
tational grid is necessary. For our problem, the resulting omputational
boundaries will generally re ect electromagnetic waves, ad hence, nu-
merical solutions will contain non-physical artifacts. One of the more
e ective ways to combat this di culty is to use perfectly mat ched layers
(PMLs). The PML is a ctitious medium that is placed on the out side of
the region of interest (see Figure 2) in order to absorb inconmg energy
without re ection.

In order to be more explicit about the geometry of the computdional
domain, we introduce some notation. LetD denote the computational
domain as pictured in Figure 2. We partition the interval X into disjoint
closed intervals X , Xg, and X4+ such that

max X = min Xg;
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maxXg = min X4}

and patrtition the interval Z into disjoint closed intervals Z , Z,, and
Z4 such that

maxZ min Zy ;

maxZ, = min Zq:

The regionsZ, and Z4 are the vacuum and dielectric regions respectively.
Let
Zo=2Zy [ Zg:

The region Xg Zg will be our domain of interest. The bu er region Dn
(Xo Zp) outside our domain of interest contains the PMLs. Note that
the PMLs surround the computational region on only three sides. This
su ces since it is assumed that the dielectric is backed by a e ective
material such as metal, where the boundary conditionE = 0 is used.

Our source term Js models a nite antenna in free space. It will
have the form

2 3
fx(t)
Js(t; x;2) = I[ x;x](x) 2(2) fy(t) ; 9

f2(t)

where | [, is the indicator function on the interval [a; 1, [ X; x] 2 Xo,
Z is the z-coordinate of the position of the antenna. The functionsf ,,
for m = x;y;z, are determined by the polarization and intensity pro le
of the interrogating electromagnetic pulse.

We now express Maxwell's equations in a form that is useful fo
our particular problem. Combining the curl equations (3) and (4) with
equations (5), (6), (7), and (8), using the rescaling

r
e = —C;E; (10)

and writing the resulting equations in the frequency domain we have

j!Ig = ¢ r B b (11)
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B )

PR = or B (13)

() By (12)

where \b" denotes the Fourier transform in the time variable, and (! )
is given by

()= 1 +1S+j!1 i (14)
Note that the conductivity term J. = E is now contained within (12)
rather than within the forcing term in (11), as was the case in the
original formulation (1)-(4). In particular, it appears in the last term
of (14). The polarization equation (8) is also contained wih (12). It
is found in the second term of (14). We express Maxwell's equens in
this way for three reasons. First, in this formulation, the parameters
that we hope to identify in the inverse problem are containedentirely
within the single equation (12) with (14). Secondly, given particular
values for the parameters 1, 5, , and , for a xed frequency !,

equation (14) will reveal the sensitivity of the displacement vector Ig
to changes in these parameters. This information will be paticularly
useful when we attempt the parameter identi cation problem. Third,
this formulation results in a simpli ed analysis, PML formu lation, and
PML implementation.

2.1. Reduction to Two Dimensions and to the TM Mode

Since the problem geometry does not depend oy, Maxwell's equations
can be simpli ed. In addition, we make the assumption that our pulse
is polarized so that it only has ay component. We de nefy in (9) by

fy(t) = oy, (1) sin(ft ); (15)
where li s is an integral multiple of 2 , and hence,

2 3
0

Js(tix;z) = g I xx)(X) 2(2) 1oy, () sin('t) é: (16)
0
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The curl equations (11), (13) then have the equivalent timedomain for-
mulation

’ @Hx(x;2) ° ’ Q@Ey(x; z)
@Hy(x;z) 7 = COE @E;(x;2) @Ex(x;2) 7 17
@H;(x;2) QEy(x;2)
’ @8x(x;2) > ’ @Hy(x;2)

E@Iﬁy(x;z) =R @Hx(x;2) @Hz(x;z)g Js(t;x;z); (18)

@B8,(x; z) @Hy(x;2)

where Js is given by (16).
Assuming zero initial conditions for E and H, the vector system
(17)-(18) reduces to the set of three equations

@ _ , @4 oH . 2)

o C % ox @ Jsy (6% 2); (19)
@K _ @&y .

ot - Yoy )
L g = 2y)

which is known as the TM mode.

We choose to work with the TM mode since (11)-(13) then reducs
to four equations. If we chose instead to polarize our electmagnetic
pulse so thatJs,y = 0, while Js;Js; 6 0, the TE mode would result,
and (11)-(12) would reduce instead to ve equations. In the TM case,
(12) is needed only for updatingEy, whereas in the TE case it is used
to update both E4 and E,.

2.2. Perfectly Matched Layers
To simplify notation in the sequel, we suppress the " notation found

in (19)-(21). In order to give physical motivation for the use and e ec-
tiveness of the PML we rst consider (19). We note that Js,y = 0 inside
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of the PML regions. To model a lossy medium forz 2 Z (see Figure
2), we add a loss term:

@__ @ @H 1@

@t @x @z 0

where z) = 0 for z 2 Zy. Inside of the PML, i.e. forz 2 Z , ~(2)
is a smooth function of z that increases from a value of zero at the

free-space/PML interface to a value of nax at the boundary. In the
frequency domain, equation (22) can be written as

!
/\(ZZ Ibyzco @z @x :

Dy; (22)

j! 1+ i ax @z (23)
Making similar choices for (20) and (21), we obtain |
T j!(zi By = o @g; @ngz : (24)
A 1
T j!(zz i, = CO%VZ; (25)
o1+ 2@ co@- (26)

"o @x’
where the \b" over Ey, Dy, Hy, and H, denotes the Fourier transform
in time variable.

For z2 Z , the PML is modelled in the frequency domain by (24)-
(26). These very speci ¢ choices for the ctitious complex permittivity
N(z) =1+ 7 (2)5)! o and permeabilities *(z) = (1 + " (2)=j! o) L
N, (2) = 1+~ (2)=j! o resultin zero re ection (in the continuum space) of
electromagnetic energy at the free-space/PML interface [%]. To see this,
we note that if a wave is propagating in a mediumA and impinges upon
a medium B, the amount of re ection is determined by the respective
impedances and is given by

A B
= : 27
T g (27)
The impedance "of a medium with complex permittivity » and complex
permeability ~ is given by

r

il
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For our formulation, ~, *, and " are diagonal tensors of the form

n diag("x;"y:");

diag(” x; "y; 2);

N

diag("x; "y "2):

The dielectric constants 4, ~«, and *, are chosen so that they satisfy
two sets of conditions, one of which is that the resulting diayonal tensor
de ned by (27) is the zero tensor. For details, see [14, 15].

In discretized space, a perfectly matched interface does maexist
[6], and hence, re ections do occur in computations. Forturately, they
can be made to be negligible. In our implementation, this is @ne by
choosing the depth of the PMLs carefully.

We also need to model the PMLs found in regions, where 2 X [
X4+. Using arguments equivalent to those needed to derive (24{26),
the following system of equations is obtained:

|
ji! 1+jA!(—X()) 1+jA!(—Zi rby:co% @;XZ . (28)
A 1 A
j! 1+j!(xc)) 1+j!(zz B, = Co%yz; (29)
A A 1
j! 1+j!(—xc)) 1+J_!(—Zz) R, = co%: (30)

This system together with (12) gives us the full system of eqgations
that we wish to solve (for a thorough overview of PML technolagy for
electromagnetics problems see [16] and [8]).

We now must write (28)-(30) in the time domain.

2.3. The Rull Formulation in the Time Domain

It is a straightforward exercise to show that (28)-(30) can be expressed
in the time domain as

Dy = w(@H: @Hy); (31)
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"(2)

@%+—;W=:@%? (32)
@H, + A(S)Hx = C@Ey; (33)
@, = @ n, (34
@Hz+A(:)Hz = C@Ey; (35)
@, = @H,+ Dy, (36)

where Dy, H,, and H, are de ned by equations (32), (34), and (36)
respectively. Note that outside of the PML regions, \x) = *(z) = 0
and (31)-(36) reduces to (19)-(21) (recall that we have suppessed the
\ e" notation).

The y component of the time domain expression of (12) is given by

Dy(t) = 1 Ey(t) + Py(t) + Cy(1); (37)
where the polarization Py satis es
Py+Py=(s 1)Ey; (38)
and the conductivity term C, satis es

Cy=(= oEy (39)

inside of the dielectric. Outside of the dielectric, Cy = Py = 0. Recall
that we rescaled Ey via equation (10) and then suppressed the corre-
sponding notation change. This accounts for the change in ion from
(8) to (38). Also, note that Dy in (37) is not the y component of the
displacement vectorD of equation (7). It is, rather, the y component of

IB in (12) written in the time domain. The \ e" was suppressed at the
beginning of Section 2.2 in order to simplify notation.

Equations (31)-(38) are the full set of equations that we sale nu-
merically. We use nite di erences. In particular, we use the FDTD
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algorithm of [15, 16], which uses forward di erences to appoximate the
time and spacial derivatives. The Yee staggered grid is usefll5, 16],
which ensures second order accuracy within the free spacegien. Un-
fortunately, this accuracy is not maintained within or at th e boundary of
the dielectric medium. The FDTD algorithm is fully explicit , and does
not require the inversion of large, sparse matrices. Our imgmentation
of the FDTD algorithm for this problem, including the implem entation
of the PMLs, follows details found in [15] closely, with the exception that
the corner regions in which there is overlap of PML layers aralealt with
as in [7]. Gauss' divergence laws (1) and (2) are automatichl enforced
by the FDTD algorithm (see [16]). Well-posedness for this sgtem is an
important question, which we hope to address in a future pape

In all simulations, the spatial and time steps are related va

= 55
wherecp(=3  1(®) is the (approximate) speed of light. This satis es
the CFL condition, and hence, guarantees the stability of the FDTD
algorithm in free space [16]. Fortunately, stability is retained when a
Debye medium is introduced [12].

An unfortunate side e ect of numerical solutions to Maxwell's equa-
tions is that dispersion is introduced by the numerical schene. This
is the case for both nite di erence and nite element (FEM) m ethods
(see [8, 16]). Techniques can be used to minimize dispersidnut such
techniques are very di cult to implement when dispersive materials are
present [12]. For the Debye medium in particular, it is notedin [12] that
when the FDTD algorithm is used spurious dispersion may occuunless

t O (10 2 ), which can be a highly restrictive condition.

A di erent, but standard, approach used in solving Maxwell' s equa-
tions in the time domain is to rst construct the wave equatio n for the
electric eld E, and then solve it numerically. In [2] this is done for the
forward problem addressed in this paper using FEM. The main daw-
back of the FEM approach is that at each time step a large spars linear
system must be solved. This is not the case for the FDTD algothm.
Consequently, for the same grid spacing, FDTD is much faster In ad-
dition, the implementation of the FDTD algorithm is much sim pler for
this problem than it is for FEM. This is particularly true for the im-
plementation of the PMLs. In the numerical comparisons that we have
done between these two approaches, the FDTD algorithm was aleast

(40)
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ten times faster when the same computational grid was used. @ the
other hand, we have not carried out a convergence comparisobetween
FDTD and FEM for the forward problem. It is likely that the for ward
solutions obtained using FEM will converge on a coarser gridhan does
FDTD, since FDTD loses its second order accuracy within the delectric
and at the dielectric/free space interface. If this is the ca&e, savings in
computational time may be lost. Hence, it is not clear at this point
which approach (FEM or FDTD) is better for use in solving the in-
verse problem. These questions are currently being addresd in further
e orts.

2.4. The Forward Problem for a Debye Medium

In this section we present details and results from an attemp at solving
(31)-(38) using the FDTD approach discussed in the previoussection.
We begin with the geometry of the computational region. The recessary
measurements are given byXy = [0;0:1], Z, = [0;0:2], Zq = [0:2; 0:4]
(these measurements are in meters). In order to achieve coawgence of
the nite di erence approximations we take the number of nodes along
the z-axis to be N = 640. The spatial step size in both thex and z
directions is given by

X = 0:4=N: (42)

Then, from (40) we obtain t 1:0417 10 12 seconds.

The parameters that give the position of the source termJg de ned
in (9) are x =0:025 andz = 0:1. For our simulations, the frequency of
our sine wave is 3 GHz, and hencé 4« 2 3 10°. The duration t; of
the sine pulse is 0.667 nanoseconds (ns), which is two comfdeperiods.

The depth of the PML layers is 0.05 meters. This measurement
balances computational e ciency with the minimization of n umerical
noise caused by the re ections from the PML interfaces. The patial
discretization within the PML is the same as that within the ¢ omputa-
tional region.

In order to attempt the parameter identi cation problem, we must
collect data within the computational domain at a pre-specied sam-
pling rate. We collect data at the center of the antenna at eab time
step. Then, our data consists of the sefEy(i t;0; z;q)gi'\'ztl, where Ey
is the solution of Maxwell's equations given by the FDTD algarithm,
qg=1(;; s 1)Iisthe set of parameters that characterize the Debye
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medium, and Ny is the total number of time steps. Notice that we have
now made explicit the dependence of solutions of (31)-(38) rothe pa-
rameter set q. We will continue to use this convention in the sequel.
For the discretization mentioned above, we takeN; = 1800, in which
case the data includes both the outgoing energy and the eneyghat is
re ected from the free-space/dielectric interface.

In [5] it is noted that the polarization behavior of water is r easonably
modelled by (37), (39), and (38) with parameter values:

= 1 10 ° mhos/meter;

= 8:1 10 '? seconds (42)
s = 80:1 relative static permittivity ;
1 = 5:5 relative high frequency permittivity :

With this information, numerical approximations to (31)-( 38) can be
obtained. The resulting data setf Ey(i t; O;Z;q)gi'\';1 is plotted in Figure
3.

In Figure 4, we see the formation of the Brillouin precursors|[1, 2,
3] within the dielectric. This suggests that the FDTD soluti ons are
accurately capturing the dispersivity of the Debye medium.

3. The Inverse Problem

We now address the problem of parameter identi cation for a Debye
medium. In the previous section, the problem of solving Maxvell's equa-
tions with a Debye polarization model was addressed. Implit in this
problem is the knowledge of the \true" parameter vector q , given by
(42). In the inverse problem, on the other hand, we have measements
of the electric eld at the point (0 ;z) in the computational domain at
uniform intervals of time t;. Given this data, our goal is to then identify
the \true" parameter vector q .
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Figure 3: Data for the Debye model for water. The vertical
axis gives the magnitude of the electric eld. The horizontd
axis gives the time in the units t seconds

3.1. The Noise Model for Data Generation

In the laboratory setting, noise enters into the problem both through
the resistor, which generates the electric pulse, and throgh the an-
tenna/receiver, which records the electric eld intensities at the point
(0;z) at discrete time steps. The noise model presented in this stion
follows [13] closely.

First, noise enters the signal via the random motion of eleatons in
the resistor. These random motions produce small, random Jtage uc-
tuations at the resistor terminals. Over time these voltage uctuations
have a zero average value, but non zero rms (or standard dewuian)
given, at time t;j, by Planck's black body radiation law,

r .
4hfBR
Vi = KT 1 (43)
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Figure 4. Precursor Formation Within the Debye Medium.
We plot fEy(t; 0;z)g, for z 2 [0:2;0:4] at four di erent times.
In the upper left, t = 1500 t. Inthe upperright, t = 2500 t.
In the lower left, t = 3500. In the lower right, t = 4500.
These times correspond to 1.56, 2.60, 3.65, and 4.69 ns re-

spectively
where:
h = 6:546 10 3* J-sec is Planck's constant
k = 1:380 10 % J=°K is Boltzmann's constant;

T is the temperature is degrees kelvin (K)
B is the bandwidth of the system in Hz
f is the center frequency of the bandwidth in Hz

R is the resistance.
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For microwave frequencies we havdaf kT, and hence,

- hf
hf=KT .
e 1 —

KT
Thus equation (43) is well approximated by

Vi = P 4kTBR: (44)

This is the approximation commonly used in microwave work [B]. The
noise is modelled as independent and identically distribuéd (i.i.d.) Gaus-
sian with constant variance v?.

If we replace the noisy resistor with a noiseless resistor gether with
a voltage generator [13], then we have

v = PiTE: (45)

Noise also enters the data through the antenna and receiver.The
noise comes from two sources: the noise due to the antenna, drihe
electronic noise in the receiver. Both dﬁﬁes are assumed toe white
Gaussian with standard deviationv; = kTB [10, 13].

With this model, the noise in the data is zero mean, additive Gaus-
sian, with constant variance across time. That is, our data \ector

ESata :(nglta;;;:;Eﬂﬁ\ﬁ?) “o

is a random vector with normally distributed components
EJd N (Ey(ti;0,z;q ); 2); for i=1;:105Ng; (47)

where ? is calculated using the above approximations for the variaces
of the noise that comes from the resistor, the antenna, and tk receiver.

To generate synthetic, noisy data, we use the FDTD method, wih
the specics of Section 2.4, to obtain the setfEy(t;;0;z;q )gi'\';l, to-
gether with noise model (47). We then seek the maximum liketiood es-
timator (MLE) of the true parameter vector q given by (42). Given the
noise model (47), with data equal ton realizations f d; gj”:1 of (46),(47),
the MLE @, for g is given by

: 1 X y
Qn =argmin J(); where J(a)= 5 jiEy(0;z;0) djji3;  (48)
=1

constraint set for the parameter values.



30 H.T. Banks, J.M. Bardsley

3.2. The Optimization Problem

The minimization problem (48) is solved using a modi ed Levenberg-
Marquardt method [11]. In the particular implementation th at we em-
ploy, an ellipsoidal trust region approach is taken, which dleviates di -
culties caused by large di erences in the magnitudes of the grameters
in the vector q. In particular, each variable is scaled to be of roughly
the same magnitude, namely each scaled variable is approxiately O(1)
near q . Prior knowledge of the magnitudes of the parameters at the
solution can be used to determine the scaling factors. The tist-region
subproblem is solved at each outer iteration using the doglg method
(see [11]). In addition, we enforce the physical constrairg 0, 0,
s Jl,and 1 1, which determine Q. This is done via the projection
of both the trust region and of the search directions onto thefeasible
set at each iteration. The convergence properties of the uranstrained
version of the algorithm are then retained. The details of this algorithm
will be presented in a future paper.

The Jacobian matrix, which is used both for the computation o the
gradient and for the construction of the Gauss-Newton appraimation
to the Hessian, is approximated using forward di erences. R&ch itera-
tion then involves at most ve function evaluations: one at the current
iterate, and one for each of the four parameters. This is not eerly re-
strictive for our problem, but for problems in which the permittivity
and conductivity are allowed to be spatially varying, this is no longer
a viable approach. Analytic computations of the gradient are possible,
would alleviate this di culty, and require no nite di eren ce approxima-
tions. We hope to explore the use of analytic gradients for tlis problem
in future work.

It is important to note that a solution to (48) depends upon th e
spatial discretization x given by (41) (note that t is then obtained
using (40)), which depends only on the number of grid pointsN in
Zy [ Zg4 of Figure 2 (we assume that the length of 0.4 forZ, [ Zq4 is
xed). Thus in (48), J and any approximate solution g of (48) should
carry the index N. Nonetheless, in the sequel we will suppress thibl
dependence.
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3.3. The Inverse Problem for a Debye Medium

We now present results for the inverse problem of identifyirg the dielec-
tric parameters in the Debye model for water given noisy data Using the
parameters given in (42) and the discretization details gien in Section
2.4, we generate data with varying levels of noise using thereor model
(47) with t; = i t. Hence, our sampling rate for the antenna/receiver
is assumed to be t 0:001 ns. Admittedly, such a sampling rate may
not be possible in many laboratory settings. Several numegdal exper-
iments were performed in which data was generated using erranodel
(47) with t; = i ° t, where " is an integer larger than 1. As one
would expect, our ability to identify the true parameter vector q in the
inverse problem decreased as increased. Once real data is obtained,
with a particular sampling rate, it will likely be necessary to decrease
the sampling rate when solving the inverse problem.

We make eight dierent attempts at the inverse problem with a
di erent noise level for each attempt. We solve (48) using the approach
discussed in the previous section with initial guessjo = ( o; 0; s:0; 1 :0)
givenby 90=1:5 105 ¢=10:0 10 '?, (c=73:1,and ; 0=6:0
(these range between 50% relative to 10% relative error fronthe true
values and are typical of values used in testing algorithms4]). We use
only one data vectord;. Then n = 1 in (48). The results are given
in Table 3.3. The residual, which is given in the far right column, is
J(§)5jd1jj2, where § is the approximate solution to (48) given by the
optimization algorithm.

A partial explanation for results in Table 3.3 can be obtained from
an analysis of equation (14), which we rewrite as

()= —s j!

T+ T 1+p YT o (49)

i o

Since, in our simulations, the outgoing radiation is given ly two cycles of
a sine wave, in the continuum space, the resulting pulse wilhave in nite
frequency content. Nonetheless, for the purpose of the invee problem,
the outgoing and re ected radiation will be dominated by frequencies
near the carrier frequency, 3 GHz. This is seen in Figure 5.

Thus , will be dominated by frequencies near 3 GHz, and so we
restrict our analysis of (49) to the case wheréd 3 10°. Then, since
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Table 1: Estimated parameters in Debye inverse problem. Tesl
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Figure 5: Fourier Transform of the Data in Figure 3. The
vertical axis gives amplitude. The horizontal axis gives the
frequency from 0.3 GHz to 30 GHz

I O (10 2,

ﬁ O (s) (50)

j! 2 .
T+ 1 O (10 =, ): (51)
Furthermore, given that ¢ 8 10 12, we have

. O (10° ): (52)

Equations (50), (51), and (52) suggest that , will be most sensitive
to the static permittivity . More speci cally, near g , , will is more
sensitive to changes in s than to changes in , ;, and of the same
relative magnitude. Further support for this claim can be found by an
appeal to the re ection coe cient , which is de ned by

p_
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will also be dominated by . We therefore expect that the cost func-

tion J will be most sensitive to 5, and hence, that s will be the easiest
parameter to reconstruct. This is supported by the results n Table 3.3.

Furthermore, equations (50) and (51) suggest that near , , is rel-
atively insensitive to \small" changes in , since if , the approxi-
mation 1+ j! 1 remains valid. On the other hand, if becomes too
large, it us e ects will be manifested in both the rst and second terms of
(49). In fact, we found that if is xed and is large in comparison to
the reconstructed values of ¢ are very poor. These observations explain
why in Table 3.3 the reconstructed values of are near in magnitude to

at all noise levels.

Since , is dominated by s, we would not expect the accurate re-
construction of ; . Furthermore, assuming

o() = O( ); (53)
1 15 (54)

from equation (51), we have

J! J!
1+ 1 1+

1- (55)

Hence, independent identi cation of and ; will be very dicult,
particularly in the presence of noise. The identi cation of their product,
on the other hand, will be less di cult, though we would not ex pect to
reconstruct ; as accurately as we dog. This is also supported by
the results of Table 3.3.

The observations of the previous two paragraphs suggest a rgttegy
for the inverse problem. Namely, x the value of ; to an approximate
of , of the same order and optimize over the other parameters. The
optimized value of will then likely satisfy (53), (54), and (55), in which
case the dynamics of the problem will be adequately captured Before
testing this approach, we discuss the parameter .

Equation (52) suggests thatJ is least sensitive to the parameter

In addition, since the change in from its value in free space to
its value in the dielectric is very small, we would expect vey little of
the re ected energy to be due to the change in . The results of Table
3.3 are therefore no surprise. Also not surprising is the fdcthat the
magnitude of remains small in all reconstructions. This suggests the
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strategy of xing the value of to a value reasonably close to prior to
optimization. The dynamics of the problem should then be adguately
captured.

We now test the strategies suggested in the previous two pagraphs.
Namely, we perform the inverse problem with the values of and ;
xedat =0:0and 1 =1:0. The results of this approach are presented
in Table 3.3. The values of s and o are the same as in the previous
attempt.

Comparing these results with those of Table 3.3, we see thathis
strategy vields very little change in the values of the residials, while the
reconstruction of g remains accurate. In addition, the solution to the
inverse problem can be had far more quickly when and ; are xed
at the outset. Though more iterations are needed in this casegradient
computations are obtained with 3/5-ths the cost. Also, once and ;
are xed, constraints are no longer necessary.

The relative stability of the  reconstruction in Table 3.3 suggests
yet another strategy. Namely, x the value of at the outset. Results
for this approach are given in Table 3.3, where was xed to be the
initial guess ¢ from the previous attempts.

Surprisingly, we nd the this strategy actually yields slig htly smaller
values for the residuals than were obtained in Table 3.3. In ddition, the
optimization problems converged far more quickly. In fact, at all noise
levels, within three iterations our optimization algorith m had converged.
Using the previous strategies, many more iterations were rguired.

The previous approach rested heavily on the fact that our chace of

o Was near in magnitude to . An obvious question, then, is what can
be done if one cannot obtain a good initial guess for ? We take the

approach of xing the parameters =0, ¢=73:1,and ; =1 and
optimizing, with no noise, with respect to the parameter . With an
initial guess of ¢ = 10 4, we obtain the approximation = 6:9987

10 2. We observe how close this is to . We then x this value of
and optimize over . The results of this approach are given in Table 3.3
and are similar to those found in Table 3.3.

3.4. Reconstructions with Inferior Accuracy

In each of the above experiments, the data was generated on ¢ghsame
grid that was used in the inverse problem, and i.i.d. Gaussia noise
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Table 2: Estimated parameters in Debye inverse problem. Tes2
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Table 4: Estimated parameters in Debye inverse problem. Tes4
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Table 5: Estimated parameters in Debye inverse problem. Tesb

was added. In this section, we attempt the inverse problem wh data
generated instead on a ner grid. No additional noise is addd. More
speci cally, we generate our data on the grid with N = 1280 in (41)
and attempt the inverse problem on the grid with N = 640. In our rst
experiment, we attempt the inverse problem with , ,and 1 xed to
the values found in Table 3.3. These results are given by Test in Table
3.4. The reconstructed value of s is disappointingly far from . In
order to see if the choice of xed parameters is the culprit, ve solve the
inverse problem with the , , and 1 xed at the true values , ,
and ; respectively. There is very little di erence in the result, which
is given by Test 2 in Table 3.4.
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One possible explanation for these results is that the FDTD &
gorithm has not quite converged for N = 640, even though plots of
fEy(ti; 0;2)g, such as is found forN = 640 in Figure 3, seem to sug-
gest that convergence has occurred. Unfortunately, solvig the inverse
problem on the grid de ned by N = 1280 in (41) is computationally
challenging.

If the FDTD algorithm has not converged for N = 640, then one
is led to question the results and the conclusions of Sectio.3. Fortu-
nately, numerical experiments suggest that they will remah unchanged
for N =1280. Also, for N =320 and N = 160, the same experiments
were performed with very similar results and conclusions. Mreover, the
results and conclusions of Section 3.3 are very similar to thse found in
[3] for the analogous one dimensional problem using FEM. Hare, we
conclude that they are valid. However, the above comments dprovide a
caution that the values of parameter estimates may depend gini cantly
on resolution of the underlying dynamical systems.

One should also question the strategy of using FDTD when soiwng
the inverse problem. The FDTD algorithm, though second orde ac-
curate in free space, looses that accuracy within the PMLs ad, more
importantly, within the dielectric [12]. Furthermore, FDT D is highly
vulnerable to error at the free space/dielectric interface Thus, though
FDTD is unmatched in simplicity of implementation for this p roblem,
it may not be the proper forward solver to use if the goal is thesolution
of the inverse problem. Clearly, further investigation is necessary before
this question and similar ones are resolved.

4. Estimating Variability in Reconstructions

In the previous section, we obtain reconstructions of the tue parameter
vector g by approximately solving (48) when n = 1. In each of the
above approaches, the cost functiod in depends upon a data vectord 1,
which is a realization of the random vector (46), (47). If the experiment
that was performed to obtain d; is performed a second time, a di erent
data vector d, is obtained, which is also a realization of (46), (47).
If the computations in the previous section are repeated usig d, in
place ofdq, the cost function J will be di erent, and hence, di erent

values for the reconstructed parameter vectorg will be obtained. This
illustrates the fact that the reconstruction §(d) is in fact random as well.
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A natural question therefore arises. Namely, what sort of vaiability is
in our reconstruction? Or, put in another way, what kind of con dence
can we have that our reconstruction q is close to the true parameter
vector q ?

To address this question, we will make use of large-sample #ory
from statistics (see Chapter 7 in [9]). In addition, we will restrict our
attention to the case of Table 3.3, where the parameters, , and 1
are xed. Then the cost function J in (48) depends only on 5. We now
state the theorem from [9], p. 469, that we will use.

Theorem 3.1. Let D;;:::;Dp be independent and identically dis-
tributed random vectors that depend on a parameter 5 and have prob-
ability density function f _. If f _ satis es certain regularity conditions,

then any consistent sequencey, = s, (D 1;:::;Dpn) of roots of the like-
lihood equation satis es
p_
N(sn ) !N (0;1=1( ¢)); (56)
where ¢ is the \true" parameter value, and it is assumed that
_ @
()= Eq @glogfs (57)
satises0<1 (¢)< 1.
The random vectors D 1;:::; Dy in Theorem 3.1 are given by
Di=EP; i=1;m

where E 4ata is de ned by (46), (47), and are therefore independent and
identically distributed.
The density function f _ is related to the cost function J in (48) via

I(s)= % logf , +c; (58)
where c is a constant. Hence,

1 @
I(s)=E, — @—g‘J(s) i (59)

In order to use Theorem 3.1, we must assume that the cost funatn J has
a bounded third derivative. This amounts to the assumption that the
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mapping from s to Ey(t; 0;z; s) has a bounded third derivative, which
will be true almost everywhere. The remaining regularity canditions
required for f _ by Theorem 3.1 are easily satis ed.

Numerical experiments suggest thatl ( ) is strictly convex, in which
case the only local minimum ofJ is the global minimum. Then, if our
algorithm creates a sequence for which the derivative o§ converges to
zero, this sequence must converge to the maximum likelihoo@stima-
tor. Given that this occurs for each n, the sequencef “s.ngi_; will be
consistent.

From (56) we know that

SH S:
We de ne 1
n= TI’IJ OQAs;n): (60)
It is shown in [9] that
n | (As;n) I 0
and hence
n! 1(s): (61)

We will therefore use , to approximate | ( ¢) in (57).

In Table 1 we solve problem (48) for various values oh at the 2%
noise level. We note that asn increases, the values for &, and
converge, then appear to begin to diverge ain = 64. The divergence
is likely due to the fact that for large values of n the nite di erence
approximations to the gradient and Hessian become inaccuta for the
function J in (48).

The rapid convergence off g suggests that the approximations of
I ( s) are reasonably accurate for small values of, and hence, that the
values obtained for the approximate standard deviation, whch are found
in the last column of Table 1, should be reasonably accuratesawell. This
is supported by the results found in Table 1, where we see thaftor each
n, with the exception of n = 1 and n = 64, "5, is within one standard
deviation of the true value . For n =1 and n = 64, the reconstruction
is within two standard deviations of ¢, which is also reasonable. We
note also that, as predicted by Theorem 3.1, &, converges, more or
less, to the true value ¢ = 80:1.

Finally, we note that for n = 1, the approximation to | ( ) is near
to the converged value. Also, the value of &1 is reasonably close to the
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- P
n "sin n I=n , |1="n ,

1 | 82.07| 0.3906| 2.5604| 1.6001

2 | 80.36| 0.4146| 1.2060| 1.0982

4 |79.84| 0.4211| 0.5937| 0.7705

8 | 80.38| 0.4138| 0.3021| 0.5496

16 | 80.11| 0.4177| 0.1496| 0.3868

32| 80.01| 0.4194| 0.0745| 0.2729

64 | 79.73 | 0.4233| 0.0369| 0.1921

Table 1: Estimates for the Variability in ~ ¢ for the Example
with 2% Noise. The values of , , and ; are xed at the
values found in Figure 3.3. We use , to estimate | ( ),
1=n , to estimate the variance, and E n |, to estimate the
standard deviation

true value 4. Hence, the corresponding approximate to the standard
deviation may give a reasonable approximation of the true vaiability in
the reconstruction “s.1. In the next experiment we test this hypothesis.

In Table 2 we address the following question: If we have coltded
data only once, i.e. n = 1 in Theorem 3.1, which is often the case in
applications, can the asymptotic result of Theorem 3.1 provde a reason-
able estimate for the variability in the corresponding recastruction g1
of ¢? We perform the experiment for eight noise levels, and compe
the corresponding maximum likelihood estimate 4.;. We approximate
the standard deviation of .1 as in Table 1.

First, we note that as the noise level rises, so does the varlity in
the corresponding reconstruction 4.1. Furthermore, for each noise level,
the reconstructions are well within two standard deviations of the true
value ¢ (see Table 3.3 for reconstructions withn = 1 for di erent data
and at the same noise levels). Most of the reconstructionsni fact, are
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% noise| “sn n 1=n , |1="n ,

0.5 80.37| 6.6239| 0.1510 | 0.3885

1.0 80.93| 1.6242| 0.6157 | 0.7847

15 81.50| 0.7085| 1.4115 | 1.1881

2.0 82.07| 0.3906| 2.5604 | 1.6001

2.5 82.65| 0.2447| 4.0867 | 2.0216

3.0 83.23| 0.1664 | 6.0092 | 2.4514

5.0 85.63 | 0.0550| 18.1739| 4.2631

Table 2: Estimates for the variability in g for n = 1. The
values of , ,and ; are xed at the values found in Figure
3.3. We use , to estimate | ( ;). Then 1=n , estimates
the variance and =" n , estimates the standard deviation
in (56)

near to or are within one standard deviation of ;. We conclude therefore
that for this particular problem, the approximations of the standard
deviation found in Table 2 provide one with a reasonable notn of the
variability in the reconstructions " 1.

Finally, from the above information we can obtain con dence inter-
vals for our reconstruction *.,. For this we use the Wald test (p. 525
of [9]), which says that under the regularity conditions of Theorem 3.1
we have that q__

("sn &) nlhIN (0;1); (62)

where ', is a consistent estimator ofl ( ). Then
Uu-- u -

=2
As;n p: < s < As;n + p: (63)
nr\n nr\n

are con dence intervals for ¢ with asymptotic con dence coe cient 1
, and u -, is the upper =2 point of the standard normal distribution.
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Nl Nn [15 00| e P | Nsnt e
1 |82.07| 1.6001 77.95 86.19
2 | 80.36| 1.0982 77.53 83.19
4 | 79.84| 0.7705 77.86 81.82
8 | 80.38| 0.5496 78.96 81.80
16| 80.11| 0.3868 79.11 81.11
32| 80.01| 0.2729 79.31 80.71
64 | 79.73| 0.1921 79.23 80.22

Table 3: Estimates for the Variability in ~ ¢ for the Example
with 2% Noise. The values of , , and ; are xed at the
values found in Figure 3.3

It is given in [9], p. 526, that | in (60) is a consistent estimator of
I ( 5), and hence we can usé, = |, in (63) to obtain con dence interval
estimates.

For the results summarized in Table 1, we use (63) to obtain aprox-
imate con dence intervals for = 0:99. The results are found in Table
3. We see that forn small, the con dence intervals are large, but asn
becomes large, the con dence intervals become small, and aagat deal
more certainty can be inferred about the value of the recongtuction.
We note that (63) is an asymptotic result, and hence, is suspe in the
case of smalln. Nonetheless, for eacm in our example, the true value

s IS contained within the given con dence interval.

For the results summarized in Table 2, we again use (63) to olain
approximate con dence intervals for = 0:9. The results are found in
Table 4. The true value ¢ is contained in the con dence interval for
each noise level. Hence, we conclude that even for= 1 the con dence
intervals given by the Wald test (63) give a reasonable notiom of the
variability in the reconstructions of . Note the dramatic increase in
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% noise| “sn | 1= 1 5 | % 9“:2n N + aun—zn
0.5 80.37| 0.3885 79.73 81.01
1.0 80.93| 0.7847 79.64 82.22
1.5 81.50| 1.1881 79.55 83.45
2.0 82.07| 1.6001 79.44 84.70
2.5 82.65| 2.0216 79.32 85.98
3.0 83.23| 2.4514 79.20 87.26
5.0 85.63| 4.2631 78.62 92.64

Table 4: Estimates for the variability in *g for n = 1. The
values of , ,and ; are xed at the values found in Figure
3.3. We use , to estimate | ( ;). Then 1=n , estimates
the variance and =" n , estimates the standard deviation
in (56)

the size of the con dence intervals as the noise level increzs.

5. Conclusions

We have presented a mathematical model for two dimensionaltime do-
main, TM mode calculations with PML absorbing boundary conditions,
in the presence of a Debye medium. The resulting set of PDEs isolved
using the FDTD algorithm. We present numerical results from forward
calculations when the Debye medium parameters are chosen iorder to
model the polarization behavior of water.

A statistical model for data generation is presented, and wesolve the
parameter identi cation problem by obtaining the maximum | ikelihood
estimate corresponding to the data and noise model. For us tis involves
the minimization of the negative log-likelihood function, which takes a
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least squares form. A constrained, ellipsoidal, trust regpbn modi cation
of the Levenburg-Marquardt algorithm is used to this end.

A frequency domain analysis is presented that provides an glana-
tion of results obtained from solutions of the inverse probém for data
generated with varying levels of noise. Strategies for solag the inverse
problem which decrease computational cost and are based ohése con-
clusions are presented.

Finally, we use a theorem from the statistical theory of large sam-
ples to obtain estimates of the variability in the estimated parameters.
Con dence intervals for these estimated parameters are als presented.
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